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CONTENTS OF SLIDES 8

In Slides 8 we consider parametric statistical inference for lifetime
distributions with a single parameter 6. The exponential distribution is the
example throughout, but most of the theory is valid for any lifetime
distribution with a single parameter.

@ Likelihood function for right censored data
@ Likelihood analysis for exponential distribution

Bo Lindqvist

Likelihood function
Maximum likelihood estimation
Observed information
Standard error
Percentiles
MINITAB output
Confidence intervals (Cl)
e Standard CI
o Standard Cl for positive parameters
o Cl based on likelihood-function (“the 1.92-interval™)

Testing hypotheses
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LIKELIHOOD FOR RIGHT CENSORED DATA

Recall notation: The observations are (y;,d;) for i = 1,2,..., n, where the
censoring indicator ¢; is defined by
5 — 1 if y; is the lifetime t;
' 0 if y; is a censoring time, so t; > y;

Then the likelihood function becomes

L) = I fos0- I] R0

i:6;=1 i:6;=0
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RIGHT CENSORED EXPONENTIALLY DISTRIBUTED DATA

Let (t;0) = %e‘é. Then the likelihood function is

Lo) = 1I fono- I RO#0)

i€d;=1 i€6;=0
= H Ee_% . H e_%
i;6i=1 0 ii6i=0
1 72;1:1” 1 _s
T ogsmes T Tt h

where r = "' 6; = number of failures, s = Y[ ; y; = total time on test.
The log-likelihood function is defined as
06) = log L(6) = —rinf — g
The maximum likelihood estimator 8 is found from solving
r i —0

/ = —— =
0'(0) = 9—1—02

which implies § = s/r = “Exposure”/ “Occurrence”
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EXAMPLE - EXPONENTIALLY DISTRIBUTED DATA

LIFETIME OF A COMPONENT - RIGHT CENSORED FAILURE DATA
FOR A SAMPLE OF 7 COMPONENTS:

g

Yi

0.6
0.8
2.1
3.2
3.3
4.4
8.6

== O R R = O

s=>yi=230and r=> 4, =5,

0 = 23.0/5 = 4.6 (estimated MTTF for the component)
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LIKELIHOOD FUNCTION
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LOG LIKELIHOOD FUNCTION
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(0) = —5In6 — %; 0 =46
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VARIANCE AND STANDARD DEVIATION: NO CENSORING

Question: How good is the estimate §? Consider its standard error!

Suppose first there is no censoring. Then

n
b— i li _ 7
n
Standard computations from basic statistics course give:

E() = E(T)=E(T)=¢6

Var(é) = Var( 7') = \/arr(’T,-) = 9,72
~ 0

SD@) = 7

In practice one is interested in estimating the standard deviation of the
estimator, called STANDARD ERROR = SE:

5 = 5p(3) = -
- v
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SOME GENERAL THEORY FOR LIKELIHOOD ESTIMATION

Consider a situation with a one-dimensional parameter 6 and a
log-likelihood function £(6).

The maximum likelihood estimator @ is the solution of #'(§) = 0.

Let ¢”(0) be the double derivative of ¢(6).

The observed information about 6 is defined in general by
1(0) =qer —0"(0)

From statistical theory we can estimate Var(f) by

Var(0) = — = — L
10)  £(0)
so standard error becomes SE = SD \/l \/71/6”(9)
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APPLICATION TO EXPONENTIAL MODEL: RIGHT CENSORING

Recall that § = S and £(0) = —rInf — 5. Now

0)=—-+2> "oy = - 28
7(0) = 9—1—92 5(9)—92 E
Thus the observed information is
N ~ 2s r 2s r
IGZ—EIIGZ—;—FT:—T—FAi:T
==+ Gt
and hence
varlly= 2 =% se—5p@) = \/varth) = 2 (4
@ r’ vr
In example: SE = SD(0) = %8 = 2.05718 (see MINITAB)

V5

Note that (x) is compatible with the result for the non-censored case.
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MINITAB OUTPUT

ndquist

Distribution Analysis: Y
Variable: Y

Censoring Information Count

Uncensored value 5
Right censored value 2
Censoring value: D = 0

Estimation Method: Maximum Likelihood

Distribution: Exponential

Parameter Estimates

Standard 95,0% Normal CI

Parameter Estimate Error Lower Upper
Mean 4,6 2,05718 1,51465 11,0516
Log-Likelihood = -12,630

Goodness-of-Fit
Anderson-Darling (adjusted) = 3,767

Characteristics of Distribution

Standard

Estimate Error

Mean (MTTF) 4,6 2,05718

Standard Deviation 4,6 2,05718

Median 3,18848 1,42593
First Quartile(Q1) 1,32334 0,591815 0

Third Quartile (Q3) 6,37695 2,85186

Interquartile Range (IQR) 5,05362 2,26005
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95,0% Normal CI

Lower
1,91465
1,51465
1,32713
,550810
2,65427
2,10346

Upper
11,0516
11,0516
7,66041
3,17936
15,3208
12,1415
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PERCENTILES, MEDIAN AND QUARTILES

Let T be a lifetime with cdf given by F(t) = P(T < t). Then the
100p%-percentile, t,, is defined by
F(t,)=p; 0<p<1

This means that 100p% of the “components” fail before time tp.

Special cases:
@ Median: p=0.50
o Lower quartile: p =0.25
o Upper quartile: p =0.75
@ Interquartile range: tp.75 — tg.25

(1)
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PERCENTILES FOR THE EXPONENTIAL DISTRIBUTION

F(t) = p
1-— e*%p = p
—% = In(1-p)
t, = —0In(l1—p)

Thus, for example,
median = 60In2 =0.693 60

Estimates in example:

median = #lIn2=3.188
first quartile = —@In(1 —0.25) = 1.323
third quartile = —@In(1 —0.75) = 6.377

—

interquartile range = 6.377 — 1.323 = 5.054
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STANDARD ERRORS OF ESTIMATED PERCENTILES

For given 0 < p < 1, we estimate t, by

t, = —0In(1 - p)

Thus
Var(t,) = (In(1— p))? Var(d)
SD(%,) = —In(1—p)SD(d
SE=SD() = —In(1—p)SD()

In example, the standard error of the estimated median is

—

SE(median) =In2-SD(#) =In2-2.05718 = 1.4259
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THE STANDARD CONFIDENCE INTERVAL

Let § be the MLE of a (one-dimensional) parameter 6. Then for large n:

9/_\9 ~ N(0,1) (asymptotically)
SD(h)

From this,

6—0
P(~1.96 < —— < 1.96) ~ 0.95

A~

SD(4)

Rearranging the inequalities we get

L — —

P(f —1.96 SD(f) < 6 < 8 4 1.96 SD(f)) ~ 0.95 (1)

which defines the standard 95% confidence interval for 0:

0 +1.96 SD(0).

(Of course we may change the 1.96 to obtain other percentages than
95%.)
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THE STANDARD CI FOR POSITIVE PARAMETERS

This interval is used by MINITAB.

First, consider the standard confidence interval for In 6 based on the
estimate Inf. It is given by

— —

P(Ind —1.96 SD(Inf) < Inf < Inf + 1.96 SD(In f) ~ 0.95.

—_—

Now express SD(Inf) by SD(f). Taylor's theorem gives
~ 1 A
Inf ~In6+ 5(0—0),

and therefore,

Var() ~  SD(A)

Var(In ) ~ 7 and SD(In6)

0

Q
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THE STANDARD CI FOR POSITIVE PARAMETERS (CONT.)

Replacing the standard deviation in the previous slide we get

o — —

P(In —1.96 SD(A) /6 < In@ < Ind + 1.96 SD(0)/6) ~ 0.95.

The above inequalities are equivalent to the ones we get by taking the
exponential of all terms, i.e. we have,

— —

P(eln 6—1.96 SD() /0 < elnf ~ gln 6+1.96 SD(é)/é) ~ 0.95

or

—

P(fe 196 SO0/ < g < et 90 SDO)/0) .95,

This defines the standard confidence interval for positive parameters,
which in short can be written

f o+1.96 STD\@)/é

In example: 4.6 exp(£1.96 - 2.05718/4.6) = (1.915, 11.052)
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CONFIDENCE INTERVALS FOR PERCENTILES:
EXPONENTIAL DISTRIBUTION
For given 0 < p < 1, we have
t, = —0In(1 —p)
Recall the Cl for 0:

P(fe196SDE)/D o < fol.96 s/D\m)/é) ~ 0.95.

Multiplying each term by —In(1 — p) we get a Cl for t, from

—

P(—In(1 —p)0 —1.96 SD(H) <ty < —In(l— ) 1.96 SD()/0 ) ~ 0.95.

Check yourself with MINITABs Cl for the median and quartiles!
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Cl BASED ON LOG LIKELIHOOD FUNCTION

=129

A
€6y
—~
~
A
134 / W@-6e
/ \
/
«e) 7 1.92
-147 ’ \
/
f .
-15-
—167
o i [ 8 Trep 10 12 6y 0

Likelihood theory: If 0 is the true value of the parameter, then
W(8) = 2(¢(6) — £(9)) =~ X3
Thus, from table of X2—distribution,
P(2(¢(d) — £(0)) < 3.84) ~ 0.95,
or equivalently, P(£(6) > ¢(0) — 1.92) ~ 0.95.
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Cl BASED ON LOG LIKELIHOOD FUNCTION (CONT.)

/

=13 / ) —z(N

1.92

—18
eL

12 eo; 8

Recall that if 6 is the true value of the parameter, then

P(£(0) > £(f) — 1.92) ~ 0.95.

A confidence interval for 6 can from this be found (see picture) as the set
of 6 for which ¢(0) > —12.63 — 1.92 = —14.55. This gives the interval
from 6, = 2.1 to §y = 12.8 which is hence an approximate 95%

confidence interval.
Bo Lindqvist Slides 8

TMAA4275 LIFETIME ANALYSIS

20 / 21



TESTING HYPOTHESES ABOUT ¢ BY LOG LIKELIHOOD

Recall the general result:
W) = 2(4(6) — £(6)) ~ 3
Suppose we want to test the null hypothesis
Ho: 6 =200 vs. 8+ 6
Then under the null hypothesis is W (6) approximately 3.

Using significance level 5% we will then reject the null hypothesis if
W(@o) > 3.84.

With our data we get W(10) = 2(—12.63 — (—13.81)) = 2.36, so we do
not reject the null hypothesis.

Note also that 10 is inside the 95% confidence interval that we just
constructed. In general we can test Hp : 0 = 0y vs. Hy : 0 # 0 with
significance level 5% if we have at hand a 95% confidence interval for 6.
We then reject the null hypothesis if 8y is not in the confidence interval.
(Thus with 6 = 10, we do not reject.)
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