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Abstract. The gamma process is a natural model for degradation processes in which deterioration is

supposed to take place gradually over time in a sequence of tiny increments. When units or individuals are

observed over time it is often apparent that they degrade at different rates, even though no differences in

treatment or environment are present. Thus, in applying gamma-process models to such data, it is nec-

essary to allow for such unexplained differences. In the present paper this is accomplished by constructing

a tractable gamma-process model incorporating a random effect. The model is fitted to some data on crack

growth and corresponding goodness-of-fit tests are carried out. Prediction calculations for failure times

defined in terms of degradation level passages are developed and illustrated.
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1. Gamma Process Models

1.1. Basic Gamma Process

Models that describe the process of deterioration or degradation in units or systems
are of interest in their own right, and are also key ingredients in processes that
determine ‘‘failure’’ events. As such, they play a central role in efforts to improve the
durability, reliability, and maintainability of systems. For some recent discussion of
degradation models and their uses, see Singpurwalla (1995), Meeker and Escobar
(1998), and Bagdonavicius and Nikulin (2001).
For certain types of degradation processes a model involving independent non-

negative increments is appropriate. One such is the gamma process (e.g., Singpur-
walla 1995), which can be thought of as arising from a compound Poisson process of
gamma-distributed increments in which the Poisson rate tends to infinity while the
sizes of the increments tend to zero in proportion. In most degradation problems
there is substantial heterogeneity between the degradation paths of different indi-
viduals or units, beyond what can be accounted for by conditioning on explanatory
variables. It is common to introduce unit-specific random effects to model such
variability; for example, see Lu and Meeker (1993) for growth curve models with
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random coefficients. The purpose of this paper is to extend the gamma process model
by incorporating random effects or covariates and to explore its use as a degradation
model.
Gamma processes and extensions to them have been used as models for degra-

dation or damage to materials (e.g., Cinlar, 1980; Singpurwalla, 1995), for the
accumulation of flows into dams or storage devices (e.g., Moran, 1959), and other
phenomena. They have also been used as priors in Bayesian nonparametric esti-
mation (e.g., Kalbfleisch, 1978; Dykstra and Laud, 1981).
Notationally, we consider non-negative-valued processes fyðtÞ; t � 0g. In the set-

ting here, yðtÞ represents the measured degradation for an individual unit at time t. A
gamma process has the following properties:

(i) the increments DyðtÞ ¼ yðtþ DtÞ � yðtÞ are independent;
(ii)DyðtÞ has a gamma distribution Gafn; gðtþ DtÞ � gðtÞg, where gð:Þ is a given,

monotone increasing function.

Thus, with the convention that yð0Þ ¼ 0 and gð0Þ ¼ 0, yðtÞ has distribution
Gafn; gðtÞg with mean ngðtÞ, variance n2gðtÞ, and probability density gfy; n; gðtÞg,
where gð:Þ is defined by

gðy; n; gÞ ¼ n�1ðy=nÞg�1e�y=n=CðgÞ: ð1:1Þ

Suppose that yðtÞ is observed at times t0 < t1 < � � � < tm, yielding values
y0; y1; . . . ; ym. Define the y-increments Dyj ¼ yj � yj�1 for j ¼ 1; . . . ;m: Then by (i)
and (ii) their joint distribution has probability density function

Ym
j¼1

gðDyj; n;DgjÞ; ð1:2Þ

where Dgj ¼ gðtjÞ � gðtj�1Þ ¼ gj � gj�1 for j ¼ 1; . . . ;m.
The independent increments property makes the subsequent mathematical treat-

ment quite tractable. We remark that any increasing independent increments process
must be a jump process (Ferguson and Klass, 1972), and realizations of the gamma
processes considered here consist of a countably infinite number of jumps over a
finite interval. The jumps occur at random times (in the Poisson sense) and the
distribution of jump sizes is typically long-tailed, with relatively many more small
jumps than large ones.
Figure 1 shows the sample paths for realizations of two gamma processes of the

type fitted to data in Section 4. The processes fyðtÞ; t � 0g are of necessity generated
discretely, and for Figure 1 we obtained yðtjÞ for tj ¼ 0; 0:001; 0:002; . . . ; 0:12 by
using (1.2) with yð0Þ ¼ 0; and gðtÞ and n having values similar to their estimates in
Section 4. The variation in jump sizes seen in gamma processes describes degradation
such as crack propagation well, along with other phenomena in which deterioration
tends to grow in frequent ‘‘bursts’’.
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1.2. Processes with Covariates and Random Effects

Covariates, represented by vector x, can be incorporated in the gamma process via
an accelerated life model, replacing gðtÞ by gðtexTbÞ, as in Bagdonavicius and Nikulin
(2001). Alternatively, and more conveniently for the development below, x can be
accommodated by taking n ¼ nðxÞ; then x has the effect of rescaling yðtÞ without
changing the shape parameter of its gamma distribution. As noted above, random
effects are also often needed to represent heterogeneity in the degradation paths of
distinct units. One such model can be specified by replacing nðxÞ by znðxÞ, where z is
a random effect. Mathematically tractable distributions result if we adopt a model in
which w ¼ z�1 has distribution Gaðc�1; dÞ; w then has mean d=c and variance d=c2,
and z has finite mean lz ¼ c=ðd� 1Þ for d > 1 and finite variance r2z ¼ c2=
fðd� 1Þ2ðd� 2Þg for d > 2. Then (1.1) gives the conditional density, say fðyjzÞ, and
the marginal density of yðtÞ follows as

fðyÞ ¼
Z 1

0

gðy;w�1nx; gtÞgðw; c�1; dÞdw ¼ Bðgt; dÞ�1ðcnxÞdygt�1=ðyþ cnxÞgtþd;

ð1:3Þ
in which we have written nx for nðxÞ and gt for gðtÞ, and Bðgt; dÞ ¼ CðgtÞ�
CðdÞ=Cðgt þ dÞ is the beta function. Since (1.3) is a function of cnx we henceforth
write nx without any constant term; this means that in the case with no covariates we
take nx ¼ 1. An alternative parameterization that is often used in such situations is

Figure 1. Two simulated gamma process sample paths.
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to let c ¼ d and include the constant term c in nx. In this case w has mean 1 and
variance d�1. Clearly there is no difference in the parameterization of (1.3) in this
case.
We note that dyðtÞ=ðcnxgtÞ has an F distribution, F 2gt;2d, and that yðtÞ=fcnx þ yðtÞg

has a beta distribution, Beðgt; dÞ, which has density Bðgt; dÞ�1xgt�1ð1� xÞd�1;
0 < x < 1. Further, moments of yðtÞ can be evaluated as

EfyðtÞrg ¼ ðcnxÞrCðgt þ rÞCðd� rÞ=fCðgtÞCðdÞg

¼
Yr
j¼1

fcnxðgt þ r� jÞ=ðd� jÞg for r < d;

for r � d, EfyðtÞrg ¼ 1. Thus, yðtÞ has finite mean

EfyðtÞg ¼ cnxgt=ðd� 1Þ ¼ lznxgt for d > 1;

and finite variance

varfyðtÞg ¼ ðcnxÞ2gtðgt þ d� 1Þ=fðd� 1Þ2ðd� 2Þg
¼ r2zn

2
xgtðgt þ d� 1Þ for d > 2:

Suppose now that yðtÞ is recorded for a unit at times t0; t1; . . . ; tm, yielding
observations y0; . . . ; ym. The y-increments are defined as Dyj ¼ yj � yj�1 for
j ¼ 1; . . . ;m. Conditionally on their common random effect, z, they are independent
as in (1.2), Dyj now having distribution Gaðznx;DgjÞ, where Dgj ¼ gj � gj�1 with
gj ¼ gðtjÞ. Thus, as in the derivation of (1.3), the joint density of the Dyj’s is

fðDy1; . . . ;DymÞ ¼
Z Ym

j¼1

gðDyj;w�1nx;DgjÞ
( )

gðw; c�1; dÞdw

¼ ðcnxÞdCðdþ DgþÞ
,

CðdÞ
Ym
j¼1

CðDgjÞ
( )

�
Ym
j¼1

ðDyjÞDgj�1=ðcnx þ DyþÞdþDgþ

( )
; ð1:4Þ

where Dyþ ¼
Pm

j¼1 Dyj ¼ ym � y0 and Dgþ ¼
Pm

j¼1 Dgj ¼ gm � g0.
Note also for future reference that dDyj=ðcnxDgjÞ has distribution F 2Dgj;2d, and

rj ¼ Dyj=ðcnx þ DyjÞ has distribution BeðDgj; dÞ. Moments of Dyj are given by merely
replacing gt with Dgj in the expression for EfyðtÞrg above.
The increments Dyj for an individual are independent, given x and z, but, condi-

tional only on x, they are correlated. The joint distribution (1.4) for ðDy1; . . . ;DymÞ is
a multivariate F distribution, and for j 6¼ k and d > 2,

covðDyj;DykÞ ¼ ðcnxÞ2DgjDgk=fðd� 1Þ2ðd� 2Þg:

The remainder of the paper is as follows. In Section 2 we give likelihood functions
that can be used for estimation or testing of parameters in the gamma process
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models, and discuss inference procedures. Section 3 develops distributions for failure
time variables T that are defined by the instant that the degradation yðtÞ for a unit
exeeds a threshold value yF. A notable feature of the model considered here is that
the predictive distribution for failure time, conditional on survival and observed
degradation measurements up to some time t, are easily obtained. Section 4 fits the
gamma model to some data on crack growth (Hudak et al., 1978). Section 5 presents
a score test for assessing whether there is unit to unit heterogeneity, and Section 6
makes some concluding remarks.

2. Repeated Measures and Estimation

Parameters h involved in the specification of yðtÞ in the models of Section 1 are c; d
and any parameters involved in the specification of gðtÞ and nðxÞ. Suppose that
degradation processes fyiðtÞ; t � 0g with associated covariates xi are observed for n
independent units i ¼ 1; . . . ; n; with the i-th process observed at times t0i < t1i <
� � � < timi

. The joint density of the increments Dyij ¼ yiðtijÞ � yiðti;j�1Þ; j ¼ 1; . . . ;mi is
then given by (1.4) with x ¼ xi;m ¼ mi;Dyi ¼ Dyij, and Dgj ¼ Dgij ¼ gðtijÞ � gðti;j�1Þ.
The product of such terms (1.4) across i ¼ 1; . . . ; n gives the likelihood function for
the observed data, and inference about model parameters can be based on the usual
maximum likelihood procedures. Note that since (1.4) only involves the differences
Dgj, the function gðtÞ is identified only up to an arbitrary additive constant, i.e.,
aþ gðtÞ gives the same likelihood as gðtÞ.
The likelihood based on terms (1.4) is still valid under an observation scheme

where the final observation time timi
is not fixed, but depends on the process yiðtÞ

having reached a certain level. For example, timi
could be the first planned obser-

vation time after yiðtÞ crosses a certain level. The reason that (1.4) is valid as a
likelihood in this case is that the mechanism for ceasing observation depends only on
the unit’s previous degradation measurements, and so is a ‘‘stopping time’’ (see e.g.,
Andersen et al., 1993, pp. 61,81). More generally, the same likelihood is valid under
observation schemes where the time of the next degradation measurement is decided
on the basis of measurements already made.
The simplest approach to maximizing likelihoods LðhÞ composed of terms (1.4) is

to use a procedure not requiring (log) likelihood derivatives. There are many soft-
ware packages that provide this, and also give variance estimates based on
ð�@2 logL=@h@hTÞ obtained by numerical differentiation.
For some purposes, such as ‘tracking’ individuals (e.g., Crowder and Hand, 1990,

Section 9.3), we need estimates of the random effects, z, for individual units. One
such estimate is ~z ¼ ym=nxgm, suggested by EðymjzÞ ¼ znxgm. In fact, ~z is the mini-
mum-variance unbiased linear combination of the Dyj (j ¼ 1; . . . ;m): this follows
from varðDyjjzÞ ¼ ðznxÞ2Dgj. An alternative estimator can be obtained from the joint
distribution of w ¼ z�1 and Dy1; . . . ;Dym. The corresponding density is
f
Qm

j¼1 gðDyj;w�1nx;DgjÞggðw; c�1; dÞ, from which the conditional distribution of w
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given ðDy1; . . . ;DymÞ follows as Gafðym þ cÞ�1; nxgm þ dg, and then the conditional
mean as

Eðw jDy1; . . . ;DymÞ ¼ ðnxgm þ dÞ=ðym þ cÞ:
Parameter estimates may be inserted into this expression or ~z above, to give an

estimate of the realized (but unobserved) w or z for an individual unit.
We also note how the likelihood function can be obtained in the case where,

instead of the degradation yðtÞ being measured at specified times, the times
t1 < � � � < tm at which yðtÞ reaches specified levels a1 < � � � < am are recorded. Let
Dtj ¼ tj � tj�1 (j ¼ 1; . . . ;m) with t0 given; then,

PðDtj � s j t1; . . . ; tj�1Þ ¼PfDtj � s j yðtlÞ ¼ al; l ¼ 1; . . . ;m� 1g
¼PfDyjðsÞ � Daj j yj�1g; ð2:1Þ

where Daj ¼ aj � aj�1, yj�1 ¼ yðaj�1Þ and DyjðsÞ ¼ yðtj�1 þ sÞ � yj�1. It is shown in
Section 3 that, given yj�1, the distribution of DyjðsÞ can be represented as

gj þ d

Dgj

 !
DyjðsÞ

yj�1 þ cnx

� �
� F2Dgj;2gj�1þ2d; ð2:2Þ

where gj�1 ¼ gðaj�1Þ and DgjðsÞ ¼ gjðtj�1 þ sÞ � gj�1. Thus, by (2.1) and (2.2),

PðDtj � s j t1; . . . ; tj�1Þ ¼ 1� F
ðgj�1 þ dÞDaj

DgjðsÞðyj�1 þ cnxÞ

 !
; ð2:3Þ

where F is the distribution function of F2DgjðsÞ;2gj�1þ2d. Using (2.1) and (2.3) we can
obtain the density of Dtj given t1; . . . ; tj�1, and then the likelihood function as

fðDt1; . . . ;DtmÞ ¼
Ym
j¼1

fðDtj j t1; . . . ; tj�1Þ: ð2:4Þ

The main difficulty in computing (2.1) is the inconvenience of differentiating (2.3)
with respect to s, which occurs in both the argument and the first degree of freedom
parameter of F. The simplest approach to maximum likelihood estimation by (2.4) is
to use a maximisation procedure not requiring likelihood derivatives, and to com-
pute the density fðDtj j ti; . . . ; tj�1Þ from (2.3) by numerical differentiation or equiv-
alently, to replace the density by FðDtj þ � j t1; . . . ; tj�1Þ � FðDtj � � j t1; . . . ; tj�1Þ:

3. Distribution of Threshold-defined Failure Times

In many applications (e.g., Lu and Meeker, 1993; Whitmore and Schenkelberg,
1997) the failure time T for a unit is defined as the time at which its degradation path
first crosses a threshold value yF. In some models involving random effects this
distribution is hard to obtain and it has then been found necessary to define the
failure time in terms of the expected degradation path, which is not observable (e.g.,
Lu and Meeker, 1993). For the gamma process model considered here the sample
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paths are monotonic and the failure-time distribution is easily obtained. In partic-
ular, the results of Section 1 give

PðT > tÞ ¼ PfyðtÞ < yFg ¼ FfdyF=ðcnxgtÞg; ð3:1Þ
where F is the distribution function of F 2gt;2d.
One of the advantages of measured degradation is its use in predicting time to

failure. Suppose that a unit is unfailed at time t and that we are interested in whether
it will survive beyond time tþ Dt, for some Dt > 0. If we do not know the current
degradation level, yðtÞ, then we can use

PðT > tþ Dt j T > tÞ ¼ PðT > tþ DtÞ=PðT > tÞ; ð3:2Þ
which is easily obtained from (3.1), or from any other model for the distribution of
T. If we do know yðtÞ, however, conditioning on it would be expected to give more
precise predictions than (3.2): it is readily seen that

PfT > tþ Dt j T > t; yðtÞg ¼ PfDyðtÞ < yF � yðtÞ j yðtÞg; ð3:3Þ
where DyðtÞ ¼ yðtþ DtÞ � yðtÞ. From (1.4) it follows that the conditional density of
DyðtÞ given yðtÞ is

ffDyðtÞ j yðtÞg ¼ Bðgt þ d;DgtÞ�1DyðtÞDgt�1

� fyðtÞ þ cnxggtþd=fyðtÞ þ DyðtÞ þ cnxggtþDgtþd;

where Dgt ¼ gtþDt � gt. That is, conditional on yðtÞ,
gt þ d
Dgt

� �
DyðtÞ

yðtÞ þ cnx

� �
� F 2Dgt;2gtþ2d ð3:4Þ

and, thus, by (3.3),

PfT > tþ Dt j T > t; yðtÞg ¼ F
ðgt þ dÞfyF � yðtÞg
DgtfyðtÞ þ cnxg

� �
; ð3:5Þ

where F is the distribution function of F 2Dgt;2gtþ2d. Note that (3.5) reduces to (3.1) in
the case where t ¼ 0; yð0Þ ¼ g0 ¼ 0 and we associate Dt with t in (3.1).
Estimates of failure time distributions are obtained by inserting estimates of c; d

and parameters in gt and nx in the expressions (3.1) and (3.5). Interval estimation by
the usual asymptotic normal likelihood methods is messy because of the complexity
of derivatives of (3.1) and (3.5) with respect to the parameters. A more attractive
alternative is to use parametric bootstrap methods (see Davison and Hinkley, 1997,
chapters 1 and 5).

4. Hudak Crack-growth Data

Hudak et al. (1978) presented some crack-growth data, which is listed in Lu and
Meeker (1993) and illustrated here in Figure 2. There are 21 metallic specimens, each
subjected to loading cycles, with the crack lengths recorded every 104 cycles. Initial
crack lengths were 0.9 inches for each specimen, and Lu and Meeker considered
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failure to occur when crack length exceeded yF ¼ 1:6 inches. The data give crack
length measurements yðtÞ up to 120,000 cycles or the first measurement after failure,
whichever occurred first. For the discussion here we take t ¼ no.cycles =106, so the
potential degradation measurement times are tj ¼ j=100 for j ¼ 0; 1; . . . ; 12.
The data were used by Lu and Meeker (1993) and Robinson and Crowder (2000)

to illustrate statistical methodology. Both papers fitted a Paris–Erdogan curve to the
repeated measures: for this model the crack length at time t is given as
y0ð1� y

b2
0 b1b2tÞ

�b�1
2 , where y0 is the initial crack length, here 0.9 in., and the bs are

parameters that vary randomly across units. We use the data again to illustrate the
present methodology. There are no covariates here and so in accordance with the
previous model we take nx ¼ 1 and

gðtÞ ¼ b0ð1� y
b2
0 b1b2tÞ�b�1

2 : ð4:1Þ
Since a stopping rule was applied to the data whereby recordings ceased if the

crack length exceeded 1.6, thus, m varies between specimens. The likelihood con-
struction based on (1.4) is still valid in this case, as discussed in Section 2. Note that
the likelihood depends only on the values of yðtÞ � yð0Þ ¼ yðtÞ � 0:9 and of
gðtÞ � gð0Þ, for t ¼ 0:01; 0:02; . . . On fitting the model (4.1) it was found that the

Figure 2. Crack growth data from Hudak et al. (1978): 21 units, up to 13 crack-length measurements on

each.
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parameter b2 tended towards zero during iterative maximisation of the log-likeli-
hood. The limit of (4.1) as b2 ! 0 is b0e

b1t: the modified model

gðtÞ ¼ eb0þ10b1t ð4:2Þ

was then fitted, in which the parameter b0 has been moved into the exponent and the
factor 10 has been inserted, both for convenience of scaling. Maximum likelihood
estimates were obtained as follows (with standard errors in parentheses):

b̂0 ¼ 4:48ð0:11Þ; b̂1 ¼ 1:20ð0:04Þ;

log ĉ ¼ �3:95ð0:55Þ; log d̂ ¼ 2:14ð0:50Þ:

In Figure 3 the first column shows, for an illustrative set of units (i ¼ 3; 8; 17; 20),
the observed values, yij, together with the fitted curves, vs. tj. The latter were com-
puted from giðtÞ ¼ zigðtÞ, giving fitted values

~yij ¼ Eðyijjzi; xÞ ¼ zigj; i ¼ 1; . . . ; 21; j ¼ 1; . . . ;mi;

Figure 3. Fitted curves and residuals for units 3, 8, 17, 20. Column 1: observed crack lengths plus fitted

curves vs. t; column 2: fitted residuals vs. t; column 3: standardised increment residuals vs. t; column 4:

uniform increment residuals vs. estimated increments.
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in which zi is replaced by an estimate described in Section 2 and the parameters are
replaced by their maximum likelihood estimates. In the second column the cor-
responding residuals, yij � ~yij, are plotted vs. tj. Column 3 gives plots of the
standardised increment residuals vs. tj; these are defined as ðDyij � D~yijÞ=sdij, where
sdij is an estimate of zi

ffiffiffiffiffiffiffi
Dgj

p
. In the fourth column uniform increment residuals are

plotted against estimated Dyij-values. These uniform residuals are defined via the
probability integral transform: rij ¼ Dyij=ðcþ DyijÞ has a beta distribution,
BeðDgij; dÞ, and so

uij ¼ Bðrij;Dgij; dÞ=Bð1;Dgij; dÞ

has a standard uniform distribution, U(0,1), where Bðy; g; dÞ ¼
R y
0 t

g�1ð1� tÞd�1dt is
the incomplete beta function.
The gamma model here represents between-unit variation quite well, and the small

but systematic lack of fit seen in Figure 3 could be addressed by allowing the
parameter b1 in (3.2) to vary across units. This is essentially what is done in the
growth curve model of Lu and Meeker (1993). We leave an investigation of this
aspect for future work.
The failure-time distribution function, FTðtÞ, is easily estimated by inserting

parameter estimates in (3.1). The maximum likelihood estimate of FTðtÞ is plotted
against t in Figure 4, along with the Kaplan–Meier estimate, computed by Lu and
Meeker from extended follow-up of each unit until it crossed the failure threshold.

Figure 4. Estimates of the failure time distribution function FTðtÞ.
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The estimated curve, based on the gamma-process model, appears to follow the data
reasonably well, and is close to an estimate obtained by Lu and Meeker (1993) for
their random effects growth curve model.
Figure 5 shows the effect on prediction of conditioning on the current degradation

level. Three density curves are plotted: the first, labelled ‘no deg’, is fTðt j T > 0:12Þ,
the second is fTft j T > 0:12; yð0:12Þ ¼ 1:5g, and the third is fTft j T > 0:12;
yð0:12Þ ¼ 1:3g. Not surprisingly, the effect of conditioning on the current degrada-
tion level, yð0:12Þ is striking.
Virkler et al. (1979) gave similar crack-growth data on 68 specimens, with 164

observations on each. They give the times at which crack size reached a series of
levels, a1; . . . ; am, so one should in this case use the likelihood function given by (2.4)
and (2.5). The gamma-process model provides a fit to these data that is qualitatively
very similar to the fit for the Hudak data.

5. A Score Test for the Presence of Random Effects

An extreme case of the model, of importance in practice, occurs when there is no
random variation between individual units in their stochastic behaviour. Thus, we
consider the null hypothesis H0: r2w ¼ 0, i.e., the variance of the random effects
distribution for w ¼ z�1 is zero. The situation can be realised by letting c ! 1 with
d=c ¼ EðwÞ ¼ m fixed: then the w-distribution degenerates at the single value m and

 

  

Figure 5. Predictive failure-time densities.
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the model reverts back to the basic gamma process, with the Dyj having joint density
obtained from (1.1) as

f0ðDy1; . . . ;DymÞ ¼
Ym
j¼1

gðDyj;nx=m;DgjÞ ¼
Ym
j¼1

fCðDgjÞ�1ðm=nxÞDgjDy
Dgj�1

j e�Dyjm=nxg:

ð5:1Þ
To test for this situation we will derive a score statistic as follows. Let l ¼ lðb; c; dÞ

be the logarithm of the likelihood function for a single individual, as given by (2.1)
with b denoting the parameter vector governing gð:Þ, and replace d by cm. Then

@l=@c ¼ mf1þ logðcnxÞ þ wðcmþ gmÞ � wðcmÞ � logðcnx þ ymÞg
� nxðcmþ gmÞðcnx þ ymÞ�1; ð5:2Þ

in which Dgþ has been replaced by gm (taking g0 ¼ 0) and Dyþ has been replaced by
ym (taking y0 ¼ 0), and where wð:Þ is the digamma function. As c ! 1, @l=@c ! 0,
so a more detailed calculation is called for. Expanding about c ¼ 1 gives
@l=@c ¼ Ac�2 þOðc�3Þ, where

A ¼ � 1

2
mn�2

x fðym � gmnx=mÞ2 � gmn
2
x=m

2g: ð5:3Þ

The asymptotic form wðcÞ � log c� 1
2c � 1

12c2 has been used here (e.g., Abramowitz
and Stegun, 1965, eqn. 6.3.18). Under the full distribution, given in (2.1), the mean of
the leading term can be derived as

EðAÞ ¼ � 1

2
mgm½c2ðgm þ d� 1Þ=fðd� 1Þ2ðd� 2Þg þ gm=fmðcm� 1Þg2 � 1=m2�:

ð5:4Þ
This tends to zero as c ! 1 with d=c ¼ m. Under the null distribution, given by

(5.1), the mean E0ðAÞ ¼ 0 and the variance is

var0ðAÞ ¼ ð2mn2xÞ
�2½gð4Þm � 4gð3Þm ðnxgmÞ þ 6gð2Þm ðnxgmÞ2

� 4gð1Þm ðnxgmÞ3 þ ðnxgmÞ4 � ðn2xgmÞ
2�; ð5:5Þ

where we have used the notation gðrÞm ¼ gmðgm þ 1Þ . . . ðgm þ r� 1Þ for r ¼ 1; 2; 3; 4.
Application of this to the Hudak data yields the following results. The parameter

estimates (with their standard errors) for the null model, (5.1), are b̂0 ¼ 3:53 (0.14),
b̂1 ¼ 1:03 (0.07) and log m̂ ¼ 4:78 (0.92), and the normal deviate value is
Â=seðAÞ ¼ �20:53, where seðAÞ is estimated from var0ðAÞ; thus, there is strong
evidence for rejecting the null hypothesis of zero variation in the random effects, as
suggested by the degradation curves in Figure 2.
Whitmore and Schenkelberg, (1997) fitted a Wiener process model to some data on

the degradation of heating cables. The measure of degradation is electrical resis-
tance, which rises with age. This process may have smoother sample paths than seen
with gamma processes. However, for illustration we consider the test of homogeneity
above for these data also. Following the model fitted in the paper, we take nx ¼ 1
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and gðtÞ ¼ eb0ð1� e�b1tÞ, where t is the age of the cable in hours/1000. Figure 6
shows the degradation curves for three groups, each of five specimen cables, treated
under different conditions: log-resistance is plotted here against t. The curves within
groups are very close to each other, indicating little variation between individual
processes.
The score test, applied to the three groups separately, produces values Â=seðÂÞ

equal to 1.43, 0.35 and 1.57. Thus, there is not strong evidence against the null
hypothesis of zero variance of the random effects.

6. Concluding Remarks

The gamma process developed in this paper has a number of convenient features as a
degradation model. Individual processes are monotonic with conditionally inde-
pendent increments, and the random effects incorporate heterogeneity across units.
The probability distribution of sample path measurements at discrete time points has
a simple closed form, as does the distribution of times to failure, defined by the
degradation measure’s crossing a threshold level. In these respects it is similar to
Wiener process models (e.g., Doksum and Hoyland, 1992, Whitmore, 1995) with
random drift parameters (e.g., Whitmore, 1986; Aalen and Gjessing, 2001), which
are convenient for settings where a marker or degradation process is not strictly
monotone.
We have not considered any specific regression models for nðxÞ in this paper, nor

situations where covariates are involved. We hope to do this in a future article, and
note that one important area of application is to accelerated degradation testing
(e.g., Meeker and Escobar, 1998, chapter 21), where covariates represent stresses
that accelerate degradation. An obvious regression function specification is
nðxÞ ¼ expðb0xÞ, where x and b are vectors of covariates and regression coefficients,
respectively.

Figure 6. Heating cables data from Whitmore and Schenkelberg (1997): 5 specimens, 10 resistance mea-

surements on each.
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The model here can be extended to allow covariates or random effects in the gðtÞ
component, as indicated in Section 1. Dealing with random effects in gðtÞ is com-
putationally more difficult and we defer a discussion of this topic to a subsequent
article. We note that the analyses of Sections 4 and 5 suggest that a slight degree of
unit-to-unit variability in gðtÞ might deal with the small but systematic departures
from the current model that are seen in the examples.
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