1 The Covariate Order Method for Nonparametric Exponential Regression and Some Applications in Other Lifetime Models

Jan Terje Kvaløy and Bo Henry Lindqvist

Department of Mathematics and Natural Science, Stavanger University College Department of Mathematical Sciences, Norwegian University of Science and Technology

Abstract: A new method for nonparametric censored exponential regression, called the covariate order method, is presented. It is shown that the method leads to a consistent estimator of the hazard rate as a function of the covariate. Moreover, interesting applications to more general cases of lifetime regression are presented. Possible applications include the construction of tests for covariate effect and estimation and residual plots in Cox regression models. The key is here to perform suitable transformations to exponentiality before applying the covariate order method.

Keywords and phrases: Hazard regression, nonparametric estimation, kernel estimation, model checking, Cox-Snell residuals, residual plots

1.1 Introduction

Suppose the lifetime of a unit has a distribution which depends on a covariate vector x. Hazard regression means to estimate the hazard as a function of both time and of the covariate vector, based on censored survival data. Exponential regression is the special case when the hazard functions λ(x) are constant in time.

Apparently, exponential regression models should be easier to fit than more general hazard regression models because of the time-independence in the hazard. On the other hand, it is often possible to transform lifetime data in a sensible way to follow, at least approximately, an exponential regression model. Thus it might be a good idea to use statistical methods for exponential regression to solve problems in more general hazard regression models. This is a major motivation for the present paper.

The literature contains a number of estimation methods for censored exponential regression. Parametric estimation is most conveniently done by fitting a generalized linear model. Various approaches which can be used for nonparametric estimation of λ(x) have furthermore been suggested. For example, Hastie and Tibshirani (1990) consider estimation in generalized additive models as a natural nonparametric extension of generalized linear models. Other approaches are reviewed in Kvaløy and Lindqvist (2003).

In this paper we study a new nonparametric method for exponential regression, called the covariate order method. As will be clear from the presentation in the next section, the covariate order method in its basic form rests heavily on the assumption of exponentially distributed lifetimes. In fact, the estimate of λ(x) would have no meaning if the same procedure was tried on non-exponential lifetimes. However, as indicated above, many problems can be reduced to exponential regression by transforming the data. The covariate order method has turned out to be a useful approach in such applications. For example, Kvaløy (2002) used the covariate order method to suggest tests for covariate effect in general censored regression models (see Section 1.2.4 of the present paper), while Kvaløy and Lindqvist (2003) used the covariate order method in nonparametric estimation of covariate functions in Cox regression (see Section 1.3).

The main purpose of the present paper is to give a formal presentation of the covariate order method and its practical implementation (Sections 1.2.1- 1.2.3), and in addition to give a rigorous proof of consistency of the method in the single covariate case (Section 1.4). In order to illustrate the direct method we give an example with exponential data in Section 1.2.5. Sections 1.3.1 and 1.3.2 illustrate the use of the covariate order method to transformed data. More precisely it is shown how to make illustrative residual plots based on Cox-Snell residuals in Cox regression models, and how the method can be used to suggest possible transformations of covariates.

1.2 The covariate order method for exponential regression

The basic formulation of the problem is as follows. Assume that we have n independent observations (T_1, δ_1, X_1), . . . , (T_n, δ_n, X_n) of the random triple (T, δ, X), where T = min(Z, C), δ = I(Z ≤ C) and X is a vector of covariates. For given X = x, Z is assumed to be exponentially distributed with an unknown hazard rate λ(x), that is f_Z (t|x) = λ(x) exp(−λ(x)t).

Further, C is distributed according to some unknown censoring distribution f_C (t|x) which may depend on x, and C is assumed to be independent of Z given X. Let Z be called the lifetime, C the censoring time and T the observation time. This terminology is introduced only for convenience; Z can be any kind of exponentially distributed variables.

The domain of the covariate vector X is a subset X of R^m , and X is assumed to be distributed according to some density function f_X(x). The corresponding cumulative distribution function is denoted F_X(x). The covariates are assumed to remain constant over time, and λ(x) is assumed to be continuous on X . The method is first described for the case of a single covariate, in other words for m = 1. Extensions to higher dimensions are discussed in Section 1.2.3.

1.2.1 Method description and main theoretical results

The method proceeds conditionally on X_1, . . . , X_n and starts by first arranging the observations (T_1, δ_1, X_1), . . . , (T_n, δ_n, X_n) such that X_1 ≤ X_2 ≤ · · · ≤ X_n. Next, for convenience, divide the observation times by the number of observations, n. Then let the scaled observation times T_1/n, . . . , T_n/n, irrespectively if they are censored or not, be subsequent inter-arrival times of an artificial point process on a time axis s. For this process, let points which are endpoints of intervals corresponding to uncensored observations be considered as events, occurring at times denoted S_1, . . . , S_r where r = ∑_n j=1 δ_j . This is visualized in Figure 1.1, for an example where the ordered observations are (T_1, δ_1 = 1), (T_2, δ_2 = 0), (T_3, δ_3 = 1), . . . , (T_{n−1}, δ_{n−1} = 0), (T_n, δ_n = 1).

0 S_1 S_2 S_r s

1 n T_1 1 n T_2 1 n T_3 1 n T_n . . .

Figure 1.1: Construction of artificial process.

More precisely, S_i = ∑_{k(i)} j=1 T_j/n where k(i) = min{s| ∑_s j=1 δ_j = i}. Now the conditional intensity of the process S_1, . . . , S_r at a point w on the s-axis, given the complete history of the T_j up to s, equals nλ(X_I ) where I is defined from ∑_{I−1} i=1 T_i/n < w ≤ ∑_I i=1 T_i/n. The basic idea is to estimate this intensity from the process S_1, . . . , S_r, yielding the estimator ρ̂_n(w), and then invert the relation nλ̂(X_I ) = ρ̂_n(w) to obtain an estimate of λ̂(x) at given points x. The key here is the relationship between X_1, . . . , X_n on the “covariate-axis” and the process S_1, . . . , S_r on the “s-axis”. A possible way of estimating such a relationship is to use the step-function

s̃(x) = 1 n j∑ i=1 T_i, X_j ≤ x < X_{j+1}, (1.1)

see Figure 1.2 for an illustration, and then define λ̂(x) = ρ̂_n(s̃(x))/n.

The motivating idea of the method is that if λ(x) = λ is constant, then the process S_1, . . . , S_r is a homogeneous Poisson process. (The test presented in Section 1.2.4 is in fact based on this observation.) Thus if λ(x) is reasonably smooth and not varying too much, then the process S_1, . . . , S_r could be imagined to be nearly a nonhomogeneous Poisson process for which the intensity can be estimated by for instance kernel density estimation based on the points S_1, . . . , S_r. Combining this kernel estimate and (1.1) leads to an estimate of λ(x). The estimator arising from this heuristic reasoning is the one presented below, but more precise arguments are needed to derive the estimator formally and to prove its consistency. All proofs are given in Section 1.4.

Let F^n_s be the history of the process S_1, . . . , S_r in the interval [0, s). This history is formally defined as the sub-σ-algebra F^n_s = σ{X_1, . . . , X_n} ∪ σ{S_j : S_j ≤ s} for s ≥ 0. Note that X_1, . . . , X_n is contained in all the F^n_s . Let ρ_n(s|F^n_s ) be the conditional intensity of the process S_1, . . . , S_r at the point s (Andersen et al. 1993, p. 75). Then the first step in the formal derivation of a consistent estimator for λ(x) is Theorem 1.2.1 below. This theorem states that the scaled conditional intensity of the process S_1, . . . , S_r converges in probability to a deterministic function of λ(·), and gives an asymptotic relation between the processes running on the s-axis and the covariate axis respectively.

Theorem 1.2.1 Let the situation be as described above and in the formulation of the problem at the beginning of the section. Further assume that sup_{x∈X} λ(x) ≤ M < ∞, inf_{x∈X} λ(x) ≥ a > 0, and that sup_{x∈X} λ^′(x) ≤ D < ∞. The conditional distribution of C given x is assumed to have finite first and second order moments and f_C (t|x) is assumed to have bounded first derivative in x for all x ∈ X . Then ρ_n(s|F^n_s )/n^p→ λ(η(s)) as n → ∞ uniformly in s, where η(s) is a deterministic function from the s-axis to the covariate axis, the inverse of which is given by s(x) = E(T I(X ≤ x)). The function s(x) is called the correspondence function. Note that for the special case of no censoring, s(x) can be written s(x) = ∫_x −∞(f_X (v)/λ(v))dv. The fact that the scaled conditional intensity of the process S_1, . . . , S_r converges uniformly to λ(η(s)) can be used to derive an estimator for λ(x) by estimating the inverse function s(x) and ρ_n(s|F^n_s )/n. As a first step we state the following lemma.

Lemma 1.2.1 Let the situation be as in Theorem 1.2.1. Then s̃(x) in (1.1) is a uniformly consistent estimator of s(x).

Finally, a uniformly consistent estimator of λ(x) is established by the following theorem.

Theorem 1.2.2 Let the situation be as in Theorem 1.2.1. Further let K(·) be a positive kernel function which vanishes outside [-1,1] and has integral 1, and let h_s be a smoothing parameter which is either constant or varying along the s-axis. Assume that h_s → 0 as n → ∞ for all s. Further assume that there is a sequence h_n such that h_s ≥ h_n for all s, n where nh_n → ∞ as n → ∞. Then the estimator λ̂(x) = 1 nh_s r∑ i=1 K ( s̃(x) − S_i h_s ) ; x ∈ X (1.2)

is a uniformly consistent estimator of λ(x).

1.2.2 Smoothing details

In practical use the estimated correspondence function (1.1) may be replaced by more sophisticated estimators, ŝ(x), improving on the smoothness of the estimator (1.2). We have used the super-smoother of Friedman (1984), but in practice this choice of smoother is not important.

To avoid the estimate λ̂(x) to be seriously downward biased near endpoints special care must be taken at the boundaries. Viewed only as a problem on the s-axis the estimator (1.2) is simply (scaled) density estimation on the s-axis, and techniques for handling boundary problems in density estimation can be adopted. A common technique is to reflect the data points around both endpoints, see for example Silverman (1986), corresponding to using the estimator

λ̂(x) = 1 nh_s r∑ i=1 [ K( ŝ(x) − S_i h_s ) + K( ŝ(x) + S_i h_s ) +K( ŝ(x) + S_i − 2S h_s ) ] , (1.3)

where S = ∑_n j=1 T_j /n. The smoothing parameter h_s corresponds to smoothing over a certain amount of the data on the s-axis. On the covariate axis, a corresponding smoothing parameter h_x which covers approximately the same amount of the data can be defined via the relation between the points on the s-axis and the covariate axis. See the right plot in Figure 1.2 for a rough description of the idea. If one of the smoothing parameters, h_s or h_x, is held constant, the other will in general be varying (or both can be varying). Whereas a constant h_s corresponds to ordinary density estimation on the s-axis, a constant h_x corresponds to what is commonly used in nonparametric regression methods. If a constant h_x is used, then (1.3) becomes

λ̂(x) = 1 nh_s(ŝ(x)) r∑ i=1 [ K( ŝ(x) − S_i h_s(ŝ(x))

) + K( ŝ(x) + S_i h_s(ŝ(x))

) +K( ŝ(x) + S_i − 2S h_s(ŝ(x)) ) ] , (1.4)

x

hx

hs ŝ(x) s̃(x)

S1 S2 Sr · · ·

. .

X1 X2 X3

Xn

s Figure 1.2: The left plot shows an example of what the estimated correspondence function s̃(x) (1.1) might look like. The right plot illustrates a smoothed correspondence function estimate ŝ(x) and the relationship between the smoothing parameter on the covariate axis and the s-axis.

where h_s(ŝ(x)) = ŝ(x + h_x/2) − ŝ(x − h_x/2). For instance likelihood crossvalidation can be used as criterion for choosing the “best” value of the smoothing parameter.

1.2.3 Several covariates

The covariate order method is not directly generalizable to higher dimensions, mainly because R^m is not linearly ordered for m > 1. Thus instead we suggest to reduce the dimension of the problem by assuming some structure on the covariate space. One way to proceed is to assume that the hazard rate can be written in the form of a generalized additive model

λ(x) = exp(α + g_1(x_1) + . . . + g_m(x_m)), (1.5)

where x = (x_1, . . . , x_m) ∈ X ⊆ R^m , and where g_1(·), . . . , g_m(·) are unspecified smooth functions. These functions can be estimated by the covariate order method using an iterative backfitting algorithm. The key point is that if Z is exponentially distributed with parameter exp(α + g_1(x_1) + . . . + g_m(x_m)), then Z exp(α + g_1(x_1) + . . . + g_{j−1}(x_{j−1}) + g_{j+1}(x_{j+1}) + . . . + g_m(x_m)) will be exponentially distributed with parameter exp(g_j (x_j )). Also note that it is possible to let some of the g-functions be parametric, for instance for discrete covariates.

1.2.4 Testing for covariate effect

Recall from Section 1.2.1 that if there is no covariate effect, that is λ(x) ≡ λ, then the process S_1, . . . , S_r is a homogeneous Poisson process (HPP). This observation suggests that in principle any statistical test for the null hypothesis of an HPP versus various non-HPP alternatives can be applied to test for covariate effect in exponential regression models. Moreover, such an approach can be extended to non-exponentially distributed lifetimes by transforming the observation times to approximately exponentially distributed data.

A detailed account of this approach for testing for covariate effect in lifetime data is given by Kvaløy (2002), who presents a number of different tests based on the covariate order method. The recommendation is to use an Anderson- Darling type test which turns out to have very good power properties against both monotonic and non-monotonic alternatives to constant λ(x).

1.2.5 Example: Cardiac arrest versus air temperature

We give an example of direct application of the covariate order method to data for times of out-of-hospital cardiac arrests reported to a Norwegian hospital over a 5 years period. The relationship between outdoor air temperature and the occurrence of cardiac arrest is investigated. A simple first analysis of this relationship is done by regarding inter-event times to be independent and exponentially distributed with a hazard rate λ(x) depending on the temperature x. The average temperature on the day of a cardiac arrest is used as covariate for the next period between cardiac arrests. A total of 449 cardiac arrests were reported during the five years period.

Testing the significance of the covariate effect of temperature by using the Anderson-Darling test for covariate effect mentioned in Section 1.2.4 yielded a p-value of 0.002. Plots of the estimated model are displayed in Figure 1.3. The

Figure 1.3: Analysis of cardiac arrest occurrence versus air temperature. The left plot shows the estimated hazard rate function obtained using a constant smoothing parameter on the x-axis, with the location of the observations along the curve displayed by the dots. The right plot shows 250 bootstrap curves obtained by resampling observations (original estimate shown as white curve).

estimated hazard rate function clearly indicates a decreasing hazard for increasing temperature. The smoothing parameter h_x = 15 was chosen by a likelihood cross validation criterion. The bootstrap curves indicate little variability in the estimated hazard rate in the middle temperature range where most of the observations are located, while there is large variability at the boundaries as expected.

1.3 Applications in Cox regression

The covariate order method has various applications in Cox regression (Cox, 1972). For instance, consider the generalized Cox model with hazard function α(t|x) = α_0(t) exp(g(x)) where g(x) in principle is any smooth function of the covariate vector x. If Z is an uncensored observation from this model, then it is well known that given X the transformed variable A_0(Z) exp(g(X)) is exponentially distributed with parameter 1, where A_0(t) = ∫_t 0 α_0(u)du. It follows that A_0(Z) is exponentially distributed with parameter exp(g(X)), which suggests that g(x) can be estimated from data by methods for nonparametric exponential regression. Kvaløy and Lindqvist (2003) show how the covariate order method in this way can be extended to estimation of g(x) in the generalized Cox model (see their paper for details). Here we will concentrate on a similar application to residual plots in the Cox model.

1.3.1 Model checking and model fitting in classical Cox regression

In the Cox proportional hazards model with fixed covariates we have α(t|x) = α_0(t) exp(βx), where β is a vector of regression coefficients. It follows from the above that r_i = A_0(T_i) exp(βX_i), i = 1, . . . , n, is a censored sample from the exponential distribution with parameter 1. The Cox-Snell residuals (Cox and Snell, 1968) r̂_i are defined by substituting standard estimators Â_0(·) and β̂ for A_0(·) and β in the expression for r_i. These residuals are mainly used to assess an overall fit by checking whether (r̂_1, δ_1), . . . , (r̂_n, δ_n) is compatible with a (censored) sample from an exponential distribution. However, we shall see that by the covariate order method we can obtain interesting residual plots which are similar to the plots routinely used in ordinary linear regression models. An advantage of our method is that censored observations are treated in a consistent way.

For instance, for each single covariate X_k, say, we may fit an exponential regression model to the data (r̂_1, δ_1, X_{1k}), . . . , (r̂_n, δ_n, X_{nk}), where X_{ik} is the kth covariate for the ith observation unit. The covariate order method as described in Section 1.2 gives an estimated hazard rate as a function of X_k which, if the model is correct, is expected to be approximately constant at 1. Deviations from a constant hazard rate indicate a possibly wrong model and can be investigated visually from the plots, or tested more formally by for instance the Anderson- Darling test described in Section 1.2.4.

A related application is to make plots of log hazard rates against covariates not included in the model. Such plots can reveal whether these covariates should be included in the model, and in this case indicate the appropriate functional form of the covariate. This is a simple and intuitive alternative to the plotting of martingale residuals (Therneau, Grambsch and Fleming, 1990) commonly used for this purpose. A somewhat related approach, but using nonparametric Poisson regression instead of exponential regression, was used by Grambsch, Therneau and Fleming (1995), see also Therneau and Grambsch (2000, chapter 5). 1.3.2 Example: PBC data

We illustrate the use of the covariate order method in the classical Cox model by considering model fitting and model checking for the PBC data from the Mayo Clinic. PBC (primary biliary cirrhosis) is a fatal chronic liver disease, and out of the 418 patients followed in the study, 161 died before study closure. A listing of the data can be found in Fleming and Harrington (1991). The final model proposed by Fleming and Harrington (1991) includes the five covariates age, edema, log(bilirubin), log(protime) and log(albumin).

For a demonstration of residual plotting we will look closer at the covariate bilirubin. First we fitted a Cox model including the five covariates mentioned

Figure 1.4: Residual analysis of PBC data. Plot of the log of the estimated hazard rate of the Cox-Snell residuals against bilirubin in a model using bilirubin on its original scale (left) and the same plot against log(bilirubin) in a model using log(bilirubin) (right).

above, but where the covariate bilirubin was included without making the log transformation. The left plot in Figure 1.4 shows, for this model, the log of the estimated hazard rate of the Cox-Snell residuals against bilirubin. The pvalue 2 · 10^{−6} reported in the plot was calculated using the Anderson-Darling test described in Section 1.2.4. The low value certainly indicates a significant deviation from constancy, which is also clear from the plot. Thus the covariate is not well modeled. The right plot shows the corresponding plot for a model where the bilirubin covariate is added as log(bilirubin). We see that the bilirubin covariate now seems to be much better modeled.

As explained in the previous subsection, one may use similar plots to suggest the functional form of covariates before they are entered into the model. Figure 1.5 displays plots of the log of the estimated hazard rate of the Cox- Snell residuals from an empty model versus, respectively, age, bilirubin and log(bilirubin). Note that in this case the Cox-Snell residuals are simply Â_0(T_i), where Â_0(·) is the Nelson-Aalen estimator of the cumulative hazard in the empty model. The (approximate) straight line seen for the plot against age in

Figure 1.5: Functional form analysis in PBC data. Plots of the log of the estimated hazard rate of the Cox-Snell residuals from an empty model versus respectively age, bilirubin and log(bilirubin). The location of the observations along the curves are displayed by the dots.

Figure 1.5 suggests that age can be added directly in the Cox model, while the non-linear behavior of the plot against bilirubin suggests that a transformation should be made for this covariate. The plot against log(bilirubin) indicates that this covariate is much better modeled if it is transformed to log-scale.

1.4 Proofs

1.4.1 Proof of Theorem 1.2.1

In this proof and in the proof of Lemma 1.2.1, the Glivenko-Cantelli theorem, and the Chebychev, Markov and Cauchy-Schwarz inequalities will be used repeatedly.

Define the process S^∗_1 , . . . , S^∗_n by S^∗_j = ∑_j i=1 1 n T_i. Let N^∗_n(s) = ∑_n i=1 I(S^∗_i ≤ s) be the counting process counting events in this process. Further, let F^{n∗}_s = σ{X_1, . . . , X_n} ∪ σ{(T_j , δ_j ) : ∑_j i=1 T_i/n ≤ s} for s ≥ 0. The intensity of the process S_1, . . . , S_r conditional on the history F^{n∗}_s is ρ_n(s|F^{n∗}_s ) = nλ(X_N ∗_{n (s)+1}). Since F^n_s ⊆ F^{n∗}_s it follows from the innovation theorem (Andersen et al. 1993, p. 80), that ρ_n(s|F^n_s )/n = E[λ(X_N ∗_{n (s)+1})|F^n_s ]. (1.6)

Assume that it can be proved that X_N ∗_{n(s)+1}^p→ η(s) uniformly. Then using Markov’s inequality we get P ( |ρ_n(s|F^n_s )/n − λ(η(s))| > γ) = P ( |E[λ(X_N ∗_{n (s)+1}) − λ(η(s))|F^n_s ]| > γ) ≤ 1 γ E( |E[λ(X_N ∗_{n (s)+1}) − λ(η(s))|F^n_s ]| ) ≤ 1 γ E(E[ |λ(X_N ∗_{n (s)+1}) − λ(η(s))| |F^n_s ]) ≤ 1 γ E[ |λ(X_N ∗_{n (s)+1}) − λ(η(s))| ].

It now easily follows by the boundedness of λ(x) and the assumed uniform convergence of X_N ∗_{n (s)+1} that |ρ_n(s|F^n_s )/n − λ(η(s))|^p→ 0 uniformly in s.

It remains to prove that X_N ∗_{n (s)+1} really converges uniformly in probability to η(s). Since T = min(Z, C), given the covariate X = x, we have that

f_T (t|x) = f_C (t|x) exp(−λ(x)t) + λ(x) exp(−λ(x)t)(1 − F_C (t|x)). (1.7)

With the assumption 0 < a ≤ λ(x) ≤ M < ∞ for all x, and the assumption that the censoring distribution for all x has finite first and second order moments, it follows from (1.7) that there exist numbers E_{min}, E_{max} and V_{max} such that 0 < E_{min} ≤ E(T |x) ≤ E_{max} < ∞, for all x, 0 < Var(T |x) ≤ V_{max} < ∞, for all x. (1.8)

We proceed by first assuming that X is uniformly distributed on [0, 1]. Let a point w on the s-axis be fixed in the following, and define I, I_0, I_1 and η(w) by the following relations I : S^∗_{I−1} ≤ w < S_I∗ I_0 : ∑_{I0−1} i=1 1 n E(T |X_i) ≤ w < ∑_{I0} i=1 1 n E(T |X_i) I_1 : ∑_{I1−1} i=1 1 n E(T |^i_{n+1} ) ≤ w < ∑_{I1} i=1 1 n E(T |^i_{n+1} ) η(w) : ∫_{η(w)} 0 E(T |v)dv = w. (1.9)

In particular I = N^∗_n(w) + 1. By the triangle inequality |X_I − η(w)| ≤ |X_I − I n + 1 | + | I n + 1 − I_0 n + 1 | + | I_0 n + 1 − I_1 n + 1 | + | I_1 n + 1 − η(w)| = A_1 + A_2 + A_3 + A_4.

What remains is to prove that each of A_1, A_2 and A_3^p→ 0 and A_4 → 0 uniformly.

(A_1^p→ 0): This follows by the Glivenko-Cantelli theorem which states that if F_n is the empirical distribution function based on n i.i.d. observations from F ≡ F_X , then sup_x |F_n(x) − F (x)|^{a.s.}→ 0. Since F (x) = x; 0 ≤ x ≤ 1, we have F (X_i) = X_i, while F_n(X_i) =^i_n . Thus, |X_I −^I_n | = |F (X_I ) − F_n(X_I )| ≤ sup_x |F (x) − F_n(x)|^{a.s.}→ 0, which implies that A_1^p→ 0 uniformly.

(A_2^p→ 0): Let d ≥ 2 be an integer. Then

P (I ≥ I_0 + d|X_1 = x_1, . . . , X_n = x_n) = P ( S^∗_{I0+d−1} ≤ w|x_1, . . . , x_n ) ≤ P ( S^∗_{I0+d−1} ≤ I_0∑

i=1 1 n E(T |x_i)|x_1, . . . , x_n )

≤ P |S^∗_{I0+d−1} − I_0+d−1 ∑ i=1 1 n E(T |x_i)| ≥ I_0+d−1 ∑ i=I_0+1 1 n E(T |x_i)|x_1, . . . , x_n Cheb. ≤ ∑_{I0+d−1} i=1 1 n^2 Var(T |xi) (∑_{I0+d−1} i=I_0+1 1 n E(T |x_i) )_2 ≤

V_{max}(I_0 + d − 1)/n^2 (^{d−1}_n E_{min})^2 ≤ n (d − 1)^2 V_{max} E^2_{min} .

Since the upper bound on the conditional probability is not a function of x_1, . . . , x_n this implies that the inequality also holds for the unconditional probability P (I ≥ I_0 +d). By choosing d = [n^{3/4}] we get P (I ≥ I_0 +[n^{3/4}]) ≤ cn^{−1/2} for a suitable constant c. A similar calculation gives P (I ≤ I_0 −[n^{3/4}]) ≤ cn^{−1/2}. Hence P (| I n + 1 − I_0 n + 1 | ≤ [n^{3/4}] n + 1

) ≥ 1 − 2c √ n , so |^I_{n+1} −^{I0}_{n+1} |^p→ 0 uniformly in w.

(A_3^p→ 0): A key step in the following is the observation that since λ^′(x) ≤ D and f_C (t|x) by assumption also has finite first derivative, this implies that there exist a B such that |E(T |x_1) − E(T |x_2)| ≤ B|x_1 − x_2|. Also recall that if X_i is the ith order statistic of n independent identically uniformly distributed variables on [0,1], then Var(X_i) =^{i(n−i+1)}_{(n+1)2(n+2)} ≤^1_{4(n+2)} . Thus for an integer d,

P (I_0 > I_1 + d) = P (_{I1+d} ∑ i=1 1 n E(T |X_i) < w) ≤ P ( I_1+d∑

1 1 n E(T |X_i) < I_1∑

1 1 n E(T | i n + 1 ) )

≤ P | I_1+d∑

1 ( 1 n E(T |X_i) − 1 n E(T | i n + 1 ))| > I_1+d∑

I_1+1 1 n E(T | i n + 1 ) Markov ≤ E| ∑_{I1+d} 1 (^1_n E(T |X_i) −^1_n E(T |^i_{n+1} ))| ∑_{I1+d} I_1+1 1 n E(T |^i_{n+1} ) ≤ B n ∑_{I1+d} 1 E|X_i −^i_{n+1} | d n E_{min}

C.−S. ≤ B ∑_{I1+d} 1 √ E(X_i −^i_{n+1} )^2 dE_{min} = Bn 2dE_{min} √ n + 2 . Proving the parallel inequality for P (I_0 < I_1 − d) and letting d = [n^{3/4}] this implies that P ( | I_0 n + 1 − I_1 n + 1 | ≤ [n^{3/4}] n + 1 ) ≥ 1 − cn^{−1/4} for a suitable constant c. Hence |^{I0}_{n+1} −^{I1}_{n+1} |^p→ 0 uniformly.

(A_4 → 0): Observe that | ∑_{I1} i=1 1 n E(T |^i_{n+1} ) − w| ≤^1_n E(T |^{I1}_{n+1} ) ≤^1_n E_{max} which implies that ∑_{I1} i=1 1 n E(T |^i_{n+1} ) → w = ∫_{η(w)} 0 E(T |v)dv uniformly. Note that η(w) is uniquely defined since E(T |v) > 0 for all v, and it follows that

I_1

n+1 → η(w) uniformly.

This completes the proof that ρ_n(w|F)/n^p→ λ(η(w)) uniformly in w in the case of uniformly distributed covariates on [0,1].

For covariates X_1, . . . , X_n drawn from a general continuous distribution F_X (·), let U_i = F_X (X_i) be transformed covariates which are now independent and identically uniformly distributed on [0,1]. Further let E^⋆(T |u) = E(T |F^{−1}_X (u)). Then (1.9) gives

∫_η⋆_{(w)} 0 E^⋆(T |u)du = w which by substituting u = F_X (x) and letting η(w) = F^{−1}_X (η^⋆(w)) can be written ∫_{η(w)} F^{−1}_X (0)

E(T |x)f_X (x)dx = w. (1.10)

Replacing η(w) with x and w with s(x) we get s(x) = ∫_x F^{−1}_X (0) E(T |v)f_X (v)dv = ∫_∞ −∞ I(v ≤ x)E(T |v)f_X (v)dv = E(I(X ≤ x)E(T |X)) = E(E(T I(X ≤ x)|X)) = E(T I(X ≤ x)). 1.4.2 Proof of Lemma 1.2.1 We can write s̃(x) = 1 n n∑ i=1 T_iI(X_i ≤ x). Noting that s(x) = E(s̃(x)) we have by Chebyshev’s inequality, for each fixed x and any ϵ > 0, P (|s̃(x) − s(x)| > ϵ) ≤ Var(T I(X ≤ x)) nϵ^2 ≤ E(T^2) nϵ^2 ≤ E(Z^2) nϵ^2 , which tends to 0 as n → ∞ since E(Z^2) < ∞. In fact, we have E(Z^2) = E[E(Z^2|X)] = E[2/λ(X)^2] ≤ 2/a^2. This proves the result.

1.4.3 Proof of Theorem 1.2.2 Let N_n(s) and m be defined as before. It follows from counting process theory (see for example Andersen et al., 1993), that M_n(s) = N_n(s) − R_n(s), where R_n(s) = ∫_s 0 ρ_n(u|F^n_u )du, is a local square integrable martingale. The general expression for ρ_n(s|F^n_s ) is given in (1.6). Introduce the notation τ_n(s) = ρ_n(s|F^n_s )/n and T_n(s) = R_n(s)/n. The first part of the proof is to find an estimator of τ_n(s) and to prove that this estimator is a uniformly consistent estimator of τ(s) = lim_{n→∞} τ_n(s) = λ(η(s)).

The fact that M_n(s) is a martingale also implies that

M^n(s) = M_n(s)/n = N_n(s)/n − T_n(s) (1.11)

is a martingale. Following the same reasoning as in the derivation of the Nelson- Aalen estimator in Andersen et al. (1993, chap. 4) it follows from (1.11) that a natural estimator for T_n(s) is T̂_n(s) = ∫_s 0 dN_n(u)/n and then a kernel estimator for τ_n(s) is

τ̂_n(s) = 1 h_s ∫_∞ 0 K( s − u h_s ) dN_n(u) n = 1 nh_s r∑ i=1 K( s − S_i h_s ). (1.12)

By this an estimator of τ_n(s) is motivated, it only remains to prove its consistency as an estimator of τ(s). It follows from (1.11) that

τ̂_n(s) = 1 h_s ∫_∞ 0 K( s − u h_s )dM^n(u) + 1 h_s ∫_∞ 0 K( s − u h_s )τ_n(u)du ≡ d_n(s) + τ̃_n(s). By showing |τ̂_n(s) − τ̃_n(s)|^p→ 0 (1.13) uniformly and |τ̃_n(s) − τ_n(s)|^p→ 0 (1.14) uniformly, uniform consistency of τ̂_n(s) follows from the triangle inequality since uniform convergence of |τ_n(s) − τ(s)| was proved in Theorem 1.2.1. For (1.13), first notice that by results on stochastic integration and the fact that < M_n > is defined as the compensator of M^{n2} it follows (Andersen et al. 1993, chap. 4) that

Ed^2_n(s) = 1 h^2_s ∫_∞ 0 K^2( s − u h_s )Ed < M^n > (u) = 1 h^2_s ∫_{s+hs} s−h_s K^2( s − u h_s ) 1 n Eτ_n(u)du = 1 nh_s ∫_1 −1 K^2(v)Eτ_n(s − h_sv)dv ≤ M nh_n ∫_1 −1 K^2(v)dv. Then Markov’s inequality gives P (|τ̂_n(s) − τ̃_n(s)| > ϵ) = P (|d_n(s)| > ϵ) ≤ Ed_n(s)^2 ϵ^2 ≤ M ϵ^2nh_n ∫_1 −1 K^2(v)dv → 0.

For (1.14) the convergence follows from |τ̃_n(s) − τ_n(s)| = | ∫_1 −1 K(v)(τ_n(s − h_sv) − τ_n(s))dv| ≤ ∫_1 −1 |K(v)||τ_n(s − h_sv) − τ_n(s)|dv^p→ 0 uniformly because |τ_n(s−h_sv)−τ_n(s)| ≤ |τ_n(s−h_sv)−τ(s−h_sv)|+|τ(s)−τ_n(s)|+|τ(s−h_sv)−τ(s)|, where the two first terms converge uniformly to zero in probability by Theorem 1.2.1 and where the last term converges numerically uniformly to 0 by uniform continuity of λ(x).

This completes the proof that τ̂_n(s) given in (1.12) is a uniformly consistent estimator of τ(s). It now only remains to prove that replacing s by s̃(x) in (1.12) yields a consistent estimator of λ(x). By the triangle inequality |τ̂_n(s̃(x)) − τ(s(x))| ≤ |τ̂_n(s̃(x)) − τ(s̃(x))| + |τ(s̃(x)) − τ(s(x))|, where the second part converges uniformly to 0 in probability by Lemma 1.2.1 and the uniform continuity of τ(s). This completes the proof that λ̂(x) = τ̂_n(s̃(x)) is a uniformly consistent estimator of λ(x).

1.5 Conclusions

We have presented a new method for nonparametric censored exponential regression, and shown some of its applications. While we have given emphasis to applications in Cox regression, one may think of similar applications in any model with (approximately) exponentially distributed residuals, or in other cases where data can be transformed to (approximate) exponentiality.

Notice the flexibility of the covariate order method. Any density estimation method should possibly be usable in the estimation of the scaled intensity, and boundary problems can be handled by adapting various edge correction techniques invented for density estimation. Moreover, different smoothers can be used to estimate the correspondence function. The covariate order method turns out to be numerically very robust, and simulations (not reported here) have shown that the performance in finite samples is comparable to, and often better than, standard local linear likelihood methods.

Acknowledgements We would like to thank Ørnulf Borgan for helpful comments to the proofs and Eirik Skogvoll for providing the cardiac arrest data. Jan Terje Kvaløy was funded by a PhD grant from the Research Council of Norway during parts of the work on this paper.

References

1. Andersen, P. K., Borgan, Ø., Gill, R. D. and Keiding, N. (1993). Statistical Models Based on Counting Processes, Springer-Verlag, New York.

2. Cox, D. R. (1972). Regression models and life-tables, Journal of the Royal Statistical Society, Series B 34: 187–220.

3. Cox, D. R. and Snell, E. J. (1968). A general definition of residuals, Journal of the Royal Statistical Society, Series B 30: 248–275.

4. Fleming, T. R. and Harrington, D. P. (1991). Counting Processes and Survival Analysis., Wiley, New York.

5. Friedman, J. (1984). A variable span smoother, Technical Report 5, Stanford University, Department of Statistics.

6. Grambsch, P. M., Therneau, T. M. and Fleming, T. R. (1995). Diagnostic plots to reveal functional form for covariates in multiplicative intensity models, Biometrics 51: 1469–1482.

7. Hastie, T. J. and Tibshirani, R. J. (1990). Generalized Additive Models, Chapman & Hall, London.

8. Kvaløy, J. T. (2002). Covariate order tests for covariate effect, Lifetime Data Analysis 8: 35–52.

9. Kvaløy, J. T. and Lindqvist, B. H. (2003). Estimation and inference in nonparametric Cox-models: Time transformation methods, Computational Statistics 18: 205–221.

10. Silverman, B. W. (1986). Density Estimation, Chapman & Hall, London.

11. Therneau, T. M. and Grambsch, P. M. (2000). Modeling Survival Data:

Extending the Cox Model, Springer-Verlag, New York.

12. Therneau, T. M., Grambsch, P. M. and Fleming, T. R. (1990). Martingalebased residuals for survival models, Biometrika 77: 147–160.